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Discrete element investigation of stress fluctuation in granular flow at high strain rates

O. J. Schwarz, Y. Horie, and M. Shearer
Department of Civil Engineering, North Carolina State University, Raleigh, North Carolina 27695

~Received 18 August 1997!

The high rate shear of a granular material is investigated by the use of a discrete mesodynamic method. The
simulation describes a Couette flow geometry without gravity. A collection of frictional and perfectly smooth
particles are subjected to strain rates ranging from2

3 3101 to 2
3 3104 1/s at solids concentrations ranging from

75% to 87% in a two-dimensional geometry. Normal stresses at the base of the granular sample are recorded.
Large fluctuations in individual transmitted stresses are observed. The behavior of this stress profile compares
well with previous experimental results. A near linear relation between normal stress and the strain rate is
observed. The mechanism of stress transfer, stress chain formation, and random particle collision, through the
depth of the sample, is seen to depend on solids concentration. Friction affects both the magnitudes of normal
stresses and the characteristics of the granular flow.@S1063-651X~98!13902-8#

PACS number~s!: 83.10.Pp, 46.10.1z, 02.70.Ns
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I. INTRODUCTION

The rapid flow of granular materials plays an importa
part in many engineering, geological, and industrial appli
tions. Flowing granular materials exhibit behavioral traits
both solids and fluids and, therefore, cannot be easily
plained by conventional theory. Although analogies can
made for the behavior and flow of rapidly sheared granu
materials with Newtonian fluids@1#, due to inhomogeneities
in granular density, stress, and temperature, these analo
are not all encompassing and cannot explain all the pro
ties of granular flow. Likewise, because of the dynamic qu
ity of granular material flow, static solid analysis is similar
lacking. For these~and other! reasons, rapid granular mate
rial flow has been a subject of numerous studies over the
several decades.

Considerable research has been done in the area of
acterizing and predicting the time-averaged quantities
shearing and normal stresses occurring in a sample at va
strain rates and solid concentrations@2–6#. Bagnold@7# ob-
served that normal and shear stresses are proportional t
square of the shear rate when the effects of glancing par
collisions overtake the effects of the dispersing fluid pr
sure. Bagnold termed this the ‘‘grain-inertia’’ regime. Cra
Buckholz, and Domato@8# observed similar results, and gav
a simple argument for this squared dependence, stating
both momentum change and collision rate are proportiona
the relative velocity between particle layers in a shear flo
Similar dependencies of the shearing and normal stresse
the shear~strain! rate have also been observed experim
tally @2,3#.

In contrast, in a molecular dynamics simulation of gran
lar flow, it was found under similar conditions that, at lar
strain rates, the dilatency of the sheared sample leads
regime where the shear stress is not dependent on the s
rate @9#. Savage and Sayed@3# noted that with increasing
solids concentrations the data began to depart from
squared dependence. This was attributed in part to the
that at high concentrations the chance for enduring part
contact is increased and the effects of friction begin to
felt. Upon inspection of their data, for a given solids conce
571063-651X/98/57~2!/2053~9!/$15.00
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tration, it can be seen that departures from the squared
pendence also occur at higher shear rates.

The most common experimental setup used to st
granular materials is an annular shear cell apparatus in w
the upper~shearing! disk is allowed to translate vertically
during testing@2,3,8#. Once the dimension becomes consta
measurements of the gap between the upper and lower d
~height of the sheared specimen! are made during the tes
and the solids concentration is then calculated. The so
concentration is controlled for a given shear rate by add
or subtracting weight from the top shearing disk.

The effects of experimental conditions on the behavior
a sheared sample cannot be overlooked and have been
mented on often in past literature@1,2,10#. Reference@8#
listed a large number of factors that influence stress gen
tion within a sheared sample, such as particle size and sh
particle material properties, the coefficient of restitutio
elastic and surface frictional properties of the boundar
and the amount of material being tested. Differences in th
parameters could possibly explain many discrepancies in
results of past research.

Recently, a number of researchers have begun to loo
the more microscopic properties and behavior of a shear fl
of granular materials, focusing on the mechanism by wh
individual stresses are transmitted and the variance of t
magnitudes about the mean stress.

Howell and Behringer @11# recorded time-dependen
stresses at the base of a sheared sample in an annular
cell similar to that used by other experimentalists@2,3#. The
stress-time profile showed that individual stress valu
~peaks! could vary from the mean normal stress by over
order of magnitude, indicating that these stress fluctuati
are in fact not negligible. This is contrary to the results
continuum models which are based on averaging mate
properties across the sample with the assumption that i
vidual stress fluctuations that occur with time are negligi
or statistically insignificant. It was also shown that the no
malized spectra of stresses did not show rate dependen

The transmission of stresses through the depth of
sample and their fluctuation are attributed to the formation
stress chains that occur in a granular material when a dis
2053 © 1998 The American Physical Society
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2054 57O. J. SCHWARZ, Y. HORIE, AND M. SHEARER
portionate amount of the normal load is carried by ‘‘chain
of contacting particles from the top surface to the bott
surface@12#. Visualization of stress chains has been achie
with the use of photoelastic disks or fiber optic strands a
polarized light in a two-dimensional~2D! and 3D granular-
like assembly for both shearing and static granular part
arrangements@10,11,13,14#. Computer simulations of stati
systems have also shown the existence of stress ch
@12,14#. Liu et al. @14# stated that the dominant physic
mechanism for the formation of stress chains is the inhom
geneity of granular material packing. With a uniform, hom
geneously packed sample, one can hypothesize that now
in the sample would the stress significantly exceed the m
applied stress. The sample would behave as a monol
solid, or statically compressed fluid, equally distributi
stresses throughout its volume. The need for further stu
into the behavior of granular materials under shear at h
strain rates and high solids concentrations considering dif
ent boundary conditions and the dynamics of stress fluc
tions has been stressed.@4,5,10#.

The aim of this paper is to investigate some of the abo
described unique aspects of rapidly flowing granular mate
by means of a new 2D quasimolecular computer code ca
DM2 ~discrete mesodynamic modeling!. The simulation de-
scribed in Sec. II was set up in a manner that allows so
comparison with previous works. TheDM2 technique is
based on the analysis of materials by representing them
collection or assembly of finite-sized elements. Eleme
contain specific physical and thermochemical states
evolve during simulation due to interaction with neighbori
elements. Material response to external and internal stre
represented by the translation and rotation of these elem
and by their changed internal states@15#. TheDM2 computer
code carries out computations at a user-definable time s
thereby allowing the simulation of very high rates of loadi
and many multiple contact states between individual e
ments.DM2 allows solids to be modeled as either single
multielement assemblies. For this simulation, individu
grains were represented as single spherical compressib
ements. A brief presentation of the preliminary results fro
this computational study have been presented previo
@16#; the current paper will present a complete review of
entire finished work and a comparison with experimen
findings.

II. MODEL DESCRIPTION AND SETUP

The complete theory behind and capabilities of theDM2

computer code, including the capability to model chemi
reactions, was previously described in detail@15,17,18#.
However, those elements of the computer simulation te
nique that directly apply to the current simulation will b
described again here.

Mechanical interparticle interaction is based on the fu
damental parameters of central pair potential, elastopla
shear, viscous friction, tangential viscosity, and dry~Cou-
lomb! friction. A graphical representation of contact forces
shown in Fig. 1. Forces acting on an individual element
determined based on the present and past states of tha
ment. The defined interaction states for an element pair
chemically linked and in contact, in contact but not linke
’
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linked but not in direct contact, and neither linked nor in
contact. In this simulation, elements are modeled as discre
noncohesive particles; therefore, the only governing m
chanical contact parameters are a repulsive central poten
force and a dry friction force.

Central pair potential force is calculated based on th
equation:

pr
i j 5

amn

r 0
i j ~n2m! F S r

r 0
i j D 2~n11!

2S r

r 0
i j D 2~m11!G , ~1!

where pi j is the force of elementi on elementj , r is the
current distance betweeni and j , anda, m, andn are mate-
rial constants obtained from fitting the above equation t
Hugonial data for a given material. Numerical quantitie
used in the above and following equations that relate to th
modeled material properties are given in Table I. The var
able r 0

i j is defined by the equation

r 0
i j 5

~di1dj !

2
, ~2!

wheredi anddj are the undeformed diameters of elementsi
and j , respectively. Individual elements were modeled t
behave elastic perfectly plastically. To simulate the inelast
portion of collisions, a normal component of the viscous fric
tion force is used and defined by

f vn52Cnvsn
i j , ~3!

wherevsn is the normal relative velocity of elements, andCn
is a dissipation coefficient.

Forces resulting from dry friction are calculated from the
equation

FIG. 1. Element interaction schematic.

TABLE I. Material constants for granular material.

elastic modulas 1.42931010 Pa
density 2.4025 g/ce
bulk modulas 8.21263108 Pa
frictional coefficient 0.2
specific heat 387.2 J/Kg K
element diameter 1.0 mm
a 1.035431011

m 1
n 2
calculation time step 231028 s (231027 s)
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57 2055DISCRETE ELEMENT INVESTIGATION OF STRESS . . .
f d
i j 52ui j pi j t i j , ~4!

where f d
i j is the dry friction force,ui j is the Coulomb fric-

tional coefficient,pi j is the central force, andt i j is the direc-
tional vector.

The internal energy state of an individual element is r
resented by the element temperature. Energy dissipated
inelastic collision and frictional interaction is considered
go toward an increase in element temperature, and is ca
lated by

DT5
dei

Cv
i mi , ~5!

wheredei is the total dissipated energy,Cv
i is the specific

heat, andmi is the mass of elementi .
The time increment for calculation was selected based

the limitations posed byDM2’s version of the Courant stabil
ity condition. Based on this condition,DM2 considers two
time increment limitations that deal with particle collisio
and momentum transfer. First, the time step must be sm
enough to ensure that colliding elements cannot pene
each other in one time step. Second, the momentum tr
ferred between two~or more! colliding particles cannot ex
ceed, in a single time step, the total momentum transfer
ing the entire collision process. The first limitation is bas
on the parameters of particle velocity and diameter, and
second uses a combination of particle velocity, diameter,
mass. Consideration of this limitation is very important
high loading rates to control momentum transfer at each t
step.

Simulations were carried out in a 2D Couette flow geo
etry of simple shear. The upper and lower boundaries w
rigid and consisted of particles of the same size and pro
ties as the sheared granular material~see Table I!. The lower
boundary remained fixed throughout the simulation and
upper boundary moved with a given velocity in thex direc-
tion. Simulations consisted of 559–650 elements, co
sponding to solids concentrations ranging from 75% to 87
Unless otherwise specified, values for solids concentra
given from the current simulation were calculated based
the 2D geometry. Values obtained from the literature a
given for comparison were 3D solids concentrations, beca
experimental techniques commonly utilized a 3D shear flo
To facilitate comparison of the behavior of the granular m
terial of this study with that of previous works, the followin
equation based on interparticle spacing was used@6#:

v3D5S 4

3p1/2D v2D
3/2, ~6!

wherev2D is the 2D solids concentration, andv3D is the 3D
solids concentration. Maximum possible solids concentra
for the 2D geometry was 88.7%, corresponding to 663 e
ments. The sheared sample was 1.5 cm deep by 4 cm l
Elements on the left and right boundaries interact with e
other to, in effect, form a cylindrical geometry. These co
ditions were chosen in order to simulate the annular sh
cell geometry of many previous experimentalists@2,3,11#.
The initial geometry corresponding to a solids concentrat
of 75% is shown in Fig. 2.
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The behavior of both perfectly smooth and frictiona
granular flows was simulated. Normal stresses at the botto
surface of the sheared region were recorded by a stress ga
consisting of a stationary collection of eight granular ele
ments, as a function of time. Individual particle temperature
and velocities were recorded at given time intervals and we
examined based on a spatial average throughout the thi
ness of the sample in an attempt to characterize the behav
of the sample. The velocity distribution and the intensity o
the turbulence were examined as a function of strain ra
Time-averaged and maximum stresses as a function of b
strain rate and solids concentration were examined, as w
the variances of individual peak stresses from the averag

TheDM2 code provides for cubic or close-packed triangu
lar initial element distributions. The sample began from
close-packed triangular geometry, and was sheared to
strain of 66%. A random collection of elements was remove
from all samples to reduce the solids concentration. Breaki
of the initial structure was usually achieved within the firs
10% strain, and the steady state was reached after 33% st
for most samples. The steady state is defined here as
point where the flow properties and transmitted stresses
no longer a direct function of the original particle packing
The steady state is judged by the fact that the original stru
ture is no longer apparent, and the time-averaged transmit
stress through the sample have reached a relatively sta
value @16#. By 33% strain, stress gauges placed within th
sample had recorded anywhere from 1000 to 20 000 ind
vidual stress peaks, giving further evidence that a stea
state was reached, similar in manner to arguments of oth
researchers@4,6#. A representative flow geometry of a
sheared sample after having reached a steady state is sh
in Fig. 3.

FIG. 2. Initial structure and boundary conditions.

FIG. 3. Sheared structure at 66% strain.
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III. RESULTS AND DISCUSSION

A. Stress transmission and behavior

The stress-time profile obtained from the bottom boun
ary of the sample undergoing shear at a strain rate o1

3

3104 1/s after it had reached a steady state is shown in F
4. ~Profiles from other strain rates show a similar behav
@16#.! Individual maximum recorded stresses, at this stra
rate, within the steady state region were in the range o
3107 Pa, while the time-averaged stress for this sample w
on the order of 73106 Pa. Individual stress fluctuations tha
exceed the average stress by as much as an order of ma
tude have been found experimentally@10#, and similar stress
fluctuations have been simulated@5#. In their experimental
study, Miller, O’Hern, and Behringer@10# attributed the oc-
currence of such stress fluctuations to the formation of str
chains that carry the majority of the weight of their top bea
ing plate to the base of the sheared sample. The current c
putational data were examined for evidence of stress cha
at a variety of time steps. However, at a solids concentrat
of 75% ~such as in Fig. 3!, no evidence of stress chain for
mation was found. Instead, the stress peaks that occu
appeared to be due only to the random collision of movi
particles in the shear flow. Plots of the flow geometry duri
a given time span showed only small groups and pairs
stressed elements, without any complete or even semic
plete stress chains~Fig. 5!.

If simple intergranular collision is the attributable caus
of stress fluctuations, then a theoretical maximum value
transmitted stress can be calculated and compared agains
experimental data. Taking into account the collision angle
the grains~elements! in the top shearing layer with the grain
immediately below them, the maximum transmitted mome
tum and/or velocity to the next layer in the vertical directio
can be calculated from simple geometry. For a triangula
packed sample, the angle is 60°. Therefore, the vertical co
ponent of the velocity vector of the neighboring grain wou
be

FIG. 4. Stress vs time profile~the strain rate is 3333 1/s!.
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Up5U cos2S p

3 D , ~7!

or 75% of the impacting grain’s horizontal velocityU. To
obtain a maximum value for the transmitted stress, it is a
sumed, then, that the remaining underlying layers behave
a solid, not a dispersive granular medium. Based on t
stress accompanying a compressive shock wave upon co
sion, this value can then be obtained from the equation

s5rUsUp , ~8!

wherer is the density of the material,Us is the shock wave
speed within a given material, andUp is the impacted par-
ticle velocity. Figure 6 shows the maximum normal stres
versus strain rate for the theoretical curve and for the expe
mental data for cases of both smooth and frictional particl
at a solids concentration of 75%~50% concentration in three
dimensions!. ~The data point corresponding to the lowes
shear rate was not included in this comparison because
time step was set at an order of magnitude larger than tha
the other strain rates during its calculation. Omission of th

FIG. 5. Flow geometry. Stressed elements are solid.

FIG. 6. Average and maximum normal stress as a function
strain rate.
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57 2057DISCRETE ELEMENT INVESTIGATION OF STRESS . . .
data point was necessitated by a computational limitation
would have taken roughly ten million time steps to compl
the simulation. While the data point corresponding to
maximum normal stress for the strain rate of 6.6 l/s does
on the same general line with the other data, it was discar
because it could have been artificially elevated due to
creased deformation during collision and momentum tra
fer.!

The predicted maximum stresses were significantly lar
than those experimentally measured, but this was anticip
due to assumptions made in the theoretical formulati
which ignored the effect of wave propagation in a granu
media. The slope of the experimental line was approxima
the same as that of the theoretical curve. This behavio
contrary to previous and predicted experimental res
@2,3,7#. However, a departure has been seen from the squ
dependence toward a more linear relationship for the str
strain rate relationship for high solids concentrations, a
also for increasing strain rates@3#. Solids concentrations con
sidered by Savage and Sayed@3# varied between 44% an
52%. The 2D solids concentrations of this study, when c
verted to a comparable 3D value, overlap and exceed
higher range of their experiments, ranging from 50% to 61
Savage and Sayed@3# hypothesized that deviations from th
squared stress-strain rate dependence may be due to e
from enduring interparticle contact, surface friction, and
terparticle locking~dead zones in the flow!, as well as sig-
nificant gravitational effects. This does not seem to be
case in the current simulation, however, because no endu
particle contacts were evident, simulations were carried
for perfectly smooth particles, gravity was not introduc
into the calculations, and no stagnant zones were appare
the shear flow~see below!. The linear stress strain rate d
pendence appears to be a function only of the discontinu
transfer of momentum due to interparticle collision, esp
cially at 2D solids concentrations less than 0.82. Curr
simulation results may also differ from previous experime
tal results due to the lack of gravitational forces.

Data for the average stresses as a function of strain
are also plotted on Fig. 6, and follow the same trend as
maximum and theoretical lines. Previous researchers@2,3#
measured the stress required to suspend a weighted top
in an annular shear cell apparatus at a given height. Th
data are plotted for comparison because the average s
value for the present case, taken over the steady state po
of the stress-time plot, with vertically immobile ‘‘plates,
should be roughly analogous. When the data of Savage
Sayed@3# were redimensionalized by multiplying their va
ues for stress by particle density, gravity, and particle dia
eter for spherical polystyrene beads, the data were foun
lie on a line roughly two orders of magnitude below t
current stresses for any given strain rate. The current i
vidual gauge elements cover a unit area of 1 mm2 each. The
time-averaged stresses were not averaged over the e
gauge area of 8 mm2. Typically, only one stressed eleme
making up the gauge ‘‘fires’’ at a given time, thus it is arg
able that average stress was influenced by the size of
gauges used. Also, the juxtaposition of these two data
for maximum and average normal stress further illustra
the magnitude of individual stress fluctuations compared
the average stress as previously described above. It sh
it
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also be noted that the standard deviation on the average
ues~Fig. 6! were generally of the same order of magnitude
the average values themselves, again emphasizing the w
fluctuation of normal stresses.

Maximum and average normal stresses for simulatio
considering friction between particles generally were belo
those for perfectly smooth particles. It has been similar
noted that with increasing coefficient of friction between pa
ticles a subsequent decrease in particle stresses was fo
@4#. Although only two different cases were simulated in th
current study, the data seem to point to the same trend
would be possible in the future to increase the frictional c
efficient and fully compare results. Particle friction also ha
an effect on the flow properties of granular material und
high rates of shear, acting as a ‘‘virtual viscosity,’’ dampin
out turbulence in much the same manner as it seems to da
the magnitude of normal stresses. This point will be di
cussed in more detail later in this paper.

Granular temperature averaged over the bulk of t
sheared sample was relatively constant for a given strain r
at solids concentrations below 0.82. Above this solids co
centration, the average sample temperature became incr
ingly dependent on the solids concentration and experienc
a rapid increase for solids concentrations above appro
mately 0.83~0.57 for 3D concentrations!. The sample tem-
perature as a function of the solids concentration for spe
fied strain rates is shown in Fig. 7.~Other strain rates show
the same behavior.! Lun and Bent@4# observed microstruc-
tural formation and considerable discrete jumps in individu
element stress, temperature, and spin at a solids concen
tion above approximately 0.52. Such a discontinuous chan
in the behavior of the normal stresses as a function of sol
concentration for the current simulation can also be seen
Fig. 8. The values for the average~and maximum! normal
stresses for a given strain rate began to increase dramatic
with solids concentration at values above approximate
0.83. It has been shown that at a certain solids concentrati
the magnitude of average normal~and shear! stresses begin

FIG. 7. Granular temperature averaged through the shea
sample as a function of solids concentration~two dimensions! for
the given strain rates.
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2058 57O. J. SCHWARZ, Y. HORIE, AND M. SHEARER
to increase dramatically: for 3D experiments, ‘‘magic’’ so
ids concentrations were approximately 0.54@2#, 0.25@4#, and
0.2 @5#. It should be noted that the value 0.54 was obtain
experimentally, and the values of 0.25 and 0.20 were
tained computationally.

The dependence of temperature and stress on the s
concentration points to a distinct change in the physical
havior of the sheared sample. Upon examination of com
tational data at solids concentrations above 0.82, large n
bers of stressed elements were found, forming stress ch
linking the top shearing boundary to the bottom boundary
any given time step. Figure 9 shows the geometry o
sample at a solids concentration of 0.84. Because a la
number of elements were under stress, the image
cleaned to clearly demonstrate the ‘‘chains’’ of concentra
stress. Only those elements having a stress comparable
order of magnitude greater than or equal to 13107 Pa are
shown. Howell and Behringer@11# noted increased stres
chain formation in their 2D ‘‘gravity-free’’ experiment for
solids concentrations within a range of approximately 5
Current simulation data also shows a possible region
stress chain formation occurring within a range of appro

FIG. 8. Normal stress as a function of solids concentration~two
dimensions! for the given strain rates.~Maximum theoretical points
also plotted.!

FIG. 9. Flow geometry. Stressed elements are solid. The so
concentration is 0.84.
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mately 3–5 % also. A simplistic boundary condition for the
formation of stress chains in a granular material undergoi
simple shear can be defined as a state in which the sol
packing does not allow particles to easily flow around eac
other, but instead causes them to be ‘‘ground’’ between t
top and bottom layers of flow at high local concentrations o
solids.

Miller, O’Hern, and Behringer@10# noted that the com-
mon length of stress chains was roughly equivalent to t
depth of the sample, i.e., stress chains formed and gr
mostly perpendicular to the boundaries. Applying this stat
ment to the current simulation, and assuming that stre
chains are caused by the ‘‘grinding’’ of particles between th
two boundaries, it is possible to hypothesize a relationsh
for the maximum stress using simple stress-strain relatio
and the material’s elastic modulas. At any given strain rat
then, the maximum possible normal stress, assuming that
sample is of a solids concentration where stress chain ac
ity is possible, is a simple linear addition of the collisiona
stress and the stress caused by elastic deformation of p
ticles being ‘‘ground’’ between the boundaries. Figure 1
shows a comparison of the theoretical estimate of maximu
stresses with those of the model simulation as a function
solids concentration.

B. Flow characteristics and structure

The velocity fields of the granular shear flow were exam
ined with respect to strain rate for a solids concentration
0.75. Velocity profiles for both the translational and norma
components of flow were obtained by a spatial avera
through the sample length, yielding a velocity profile throug
the depth of the sheared sample. In an attempt to quantify
physical properties of the flow and highlight the effects o
frictional particles, the intensity of turbulence was calculate
as a function of strain rate and friction.

Shearing through the entire depth of the sample w
achieved for all strain rates. A dead, or locked, zone of pa

ds

FIG. 10. Maximum normal stress as a function of solid conce
tration at given strain rates compared to the proposed maximu
theoretical stress.
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57 2059DISCRETE ELEMENT INVESTIGATION OF STRESS . . .
ticles was not observed to occur as it had in many expe
mental cases@2,3,9#. Transfer of momentum and activity
throughout the depth of the sample was likely helped by
absence of gravitational effects. However, at the high
strain rates simulated~1

3 and 2
3 3104 l/s!, the top layer ap-

peared to break away from the subsequent layer: while
sample still underwent shear, there was a localized region
higher shear rate near the top surface, similar to that fou
experimentally@6#. A plot of normalized velocity in the di-
rection of flow (x) through the depth of the sample is show
in Fig. 11 for a representative sample of strain rates. T
linear distribution of velocity throughout the depth of th
sheared sample was indicative of laminar flow, and gener
resembled the Blasius solution for laminar boundary flo
@19#. Consideration of frictional particles did not change th
general behavior of the sample with respect to the velocity
the direction of flow~Fig. 11!. Individual particle velocity
vectors for both smooth and frictional particles are shown
Fig. 12. Particles, at this solids concentration, seem to al
themselves into layers, allowing for easier flow~Figs. 3 and

FIG. 11. Normalized velocity through the depth of the shear
sample. The solids concentration is 0.75.

FIG. 12. Particle velocity profile.~a! Smooth particles.~b! fric-
tional particles~the strain rate is 66.7 1/s!.
i-

e
st

e
of
d

is

ly

n

n
n

12!, especially near the top and bottom of the shear
sample. A distinct difference with respect to the vertic
components of velocity is apparent from this figure whe
comparing the smooth and frictional particle flow. Interpa
ticle frictional interaction seemed to damp out the vertic
components of velocity and make the flow tend to a mo
laminar state. Therefore, with an increased frictional coe
cient, one would expect that the normal stresses at a gi
strain rate would likewise decrease, as mentioned earlie
this paper. This trend was apparent at all strain rates con
ered. Figure 13 further illustrates the effect of friction b
showing the spatially averaged vertical component of p
ticle velocities for smooth and frictional particle flow at
given strain rate~these curves have not been normalized!.

Analysis of the turbulence of flow based on a define
Reynolds number is difficult, if not meaningless, due to t
vast inhomogeneities of the flow in the areas of grain te
perature, bulk density, and effective viscosity@20#. There-
fore, to quantify the differences in smooth and frictional pa
ticle flow as a function of strain rate, the intensity o
turbulence was calculated for each case@21# using the for-
mula

I 5
A 1

3 u82 v82 w82

ū
, ~9!

where I is the intensity of turbulence,u is the average ve-
locity in the direction of flow, andu8, v8, and w8 are the
time-averaged average deviations from the average flow
the x, y, andz directions, respectively, at a stationary sam
pling point. To apply this definition to the current simulation
the equation was modified to two dimensions:

I 5
A 1

2 u82 v82

ū
. ~10!

The averaged deviations were obtained spatially instead
over time due to the manner in which data were record

d
FIG. 13. Spatially averaged vertical component of particle v

locities for smooth and frictional particle flows. The solids conce
tration is 0.75.
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Since the sample models a continuous cylindrically shea
geometry, it can be argued that a spatial average will cont
the same statistical data as a time average because the v
ity at a point will move through any stationary samplin
point with time. Figure 14 shows the turbulence intensity
a function of strain rate for both smooth and frictional pa
ticle flows. The intensity is seen to have decreased dram
cally with increasing strain rate. Frictional particle interac
tion also decreased turbulence intensity for a given stra
rate, with the exception of the lowest strain rate simulated

IV. CONCLUSIONS

The behavior of both perfectly smooth and frictiona
granular flows was investigated at high strain rates and h

FIG. 14. Intensity of turbulence as a function of the strain ra
for smooth and frictional particle flows. The solids concentration
0.75.
d
in
loc-

s
-
ti-
-
in
.

h

solids concentrations. Normal stresses at the bottom sur
were found to be caused both by random collision of shea
particles and by formation of stress chains at high so
concentrations. Normal stress was related to strain rate
solids concentration of 0.75. With increasing solids conc
trations, maximum and time-averaged normal stresses
proached values predicted by a simple theory taking i
account collisional stress with a linear addition of stress d
to elastic deformation of ‘‘ground’’ particles in stress chain
In all cases, friction reduced the magnitudes of transmit
normal stress by seeming to act as a ‘‘virtual viscosity.’’

Individual particle temperatures and velocities recorded
given time intervals and examined based on a spatial ave
throughout the thickness of the sample indicated that a c
cal or ‘‘magic’’ solids concentration exists at which the b
havior of the sample, and vehicle for transmission of m
mentum and stresses, changes from one of sim
interparticle collision to one of enduring contacts and str
chain formation. This may be comparable to previous exp
mental work that observed discrete jumps in stress, temp
ture, and particle rotation above certain solids concen
tions.

The results of velocity distribution and intensity of turb
lence as a function of strain rate support the argument
friction between particles damps out stress fluctuation
flow turbulence. However, further study is required to clar
the relation between increasing frictional coefficient a
stress at various strain rates.
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